We propose three properties that are related to the stationary population identity (SPI) of population biology by connecting it with stationary populations and non-stationary populations which are approaching stationarity. These properties provide deeper insights into cohort formation in realworld populations and the length of the duration for which stationary and non-stationary conditions hold. The new concepts are based on the time gap between the occurrence of stationary and non-stationary populations within the SPI framework that we refer to as Oscillatory SPI and the Amplitude of SPI.
of insects, stationary population identity (SPI) is expressed as f 1 (a) = f 2 (a), where f 1 (a) the fraction of individuals who are captured at age a (out of total population) is equal to f 2 (a) the proportion of individuals who have a remaining time units left to die (see Figure 1) . Although SPI is observed in populations that are stationary (replacement-level growth), the vast majority of populations for both humans and non-human species are both non-stationary and non-stable (fixed growth rate and age structure).
Discovery of the SPI by Carey, originally referred to as Carey's Equality ( [29] ) but now referred to as SPI after the revelation that Brouard's earlier papers also documented this identity (see [31] ), was an outcome, now referred to as SPI, was an outcome of a 10-year, U.S. National Institute on Aging-funded research program directed by biodemographer James R. Carey designed to study aging in the wild. One of the program's goals was to develop an alternative approach to existing methods for estimating population age structure. Because of the importance to basic ecology and particularly to medical entomology where the older arthropod vectors (e.g. mosquitoes) have the highest likelihood of disease transmission, a great deal of effort has been invested in developing various technologies for estimating the age of individual insects including physiological [24] , biochemical [25] and genetic [22, 23] methods. Unfortunately all of these approaches have limitations ranging from high technological set up costs (e.g. gas chromatograph; gene expression technology) and processing expenses (e.g. $7-10 USD per mosquito for gene expression), to complicated technician training requirements and imprecision of age estimates.
Given the limitations of these conventional methods, Carey and his colleagues approached population age structure estimation from a demographic perspective rather than a technological one. They asked the question "What can data on the remaining lifespans of wild-caught individuals tell us about the age structure of the populations from which they were collected?" The demographic concept underlying their approach was that a population's age structure and its death distribution are inextricably and uniquely interconnected [2] . Therefore with certain simplifying assumptions the correspondence between population age structure and death distribution can be used to compute the former from data on the latter. Carey and his colleagues believed that the relative advantages of this demographic approach in which the "residual" demographic properties of live-captured insects are measured would potentially include not only its modest technology requirements (e.g. climate controls) and minimalist technology training, but also the possibility of developing a low cost/low tech method that could be routinized in, for example, disease vector control programs [19] .
The progression from demographic concept to the discovery of the SPI and then to the development of an applied model proceeded in stages. The first stage involved the generation and plotting of computer simulation data for the postcapture lifespan segments of randomly-captured individual Mediterranean fruit flies in stationary (computer) populations. The regularity of the post-capture survival plots of the computer data implied a mathematical relationship between the pre-and post-capture lifespans as well as between the terminal (post-capture) lifespan segment and population age structure. This led to the identification of the relationship between population age structure and post-capture life spans of individuals through the use of a simple four-age class life table (Table 1 in [1] ), the results of which were formulated mathematically for cases involving both stationary (i.e. SPI) and the non-stationary (with reference life tables) populations (see subsections on pp126-128 in [1] ).
The analytical evolution of this SPI continued with publication of its proof, first as a mathematical relationship between life lived and left [29] and then as a theorem and generalization [6] . A major mathematical breakthrough came in stationary population literature, when Rao and Carey [6] gave an innovative proof of SPI using original ideas (Carey -Rao Theorem on stationary population identity) through constructing arguments based on graphs and set theoretic principles and based on two criteria that they stated on 'life lived' and 'life left'. The general concepts of the life table identify and its extension as an applied model (i.e. integration of reference life table information) have been used to estimate age structure and thus to gain insights into population aging in wild populations including studies of fruit flies [20, 21] , butterflies [28] , and mosquitoes (Papadopoulos et al. 2016 ). In light of the theoretical and analytical properties of SPI and its use as a foundation for developing models for estimating age structure in real-world insect populations, we believe that continuing to explore the mathematical properties of this identity has the potential to make new and original contributions to the demographic literature. Thus for the non-stationary and non-life table populations the role of SPI needs thorough investigation.
Stationary and Non-Stationary populations
While exploring the deeper insights of SPI, we realized that this property can be helpful in knotting the concepts of stationary and non-stationary populations such that these two populations are formed on mutually-exclusive time intervals.
The main advantages of such a theoretical visualization of side-by-side occurrence of stationary and non-stationary populations is to keep our framework of SPI as flexible as possible such that realistic population dynamics are captured with respect to deviation from stationarity. Mathematically, these mutually exclusive concepts allows us to cut with knots the continuous interval on which we study simultaneous occurrences of these two types of populations. Our constructions in this article shows that SPI property generates these knots on the continuous interval. Demarcation lines on an interval between stationary and non-stationary populations can then be visualized as dynamic. These demarcation (or boundary) lines led us to a novel concept within the SPI which we term Oscillatory SPI (O-SPI). In this case the knots indicate the beginning of either stationary or nonstationary populations and allow us to introduce another term that we refer to on a continuous interval as the amplitude of the SPI.
These ideas can have practical meaning in population dynamics. For example, state-level populations can be viewed as sub-populations of countries. Or countrylevel populations can be viewed as global sub-populations. There are other ways of using these concepts to visualize population dynamics of total population and associated sub-populations. The countries with replacement-level (stationary) growth and the countries whose growth rate is approaching replacement levels can be brought under this framework. For example, when birth and death rates are equal or nearly equal, populations can be stationary at both high and low levels of birth and death rates [3] .
For a predominantly stationary population (see definition 4) during an interval
[t 0 , t ω ), we can imagine that there exists a disjoint covering of intervals (a subcollection of intervals, say M, in which SPI is true and other sub-collection of intervals, say, N, in which SPI is not true), such that,
is visualized as a the union of two partitions, one which form SPI and other does not. See [4, 5] for concepts related to disjoint covering.
The partition which form the equality is associated with stationary population and other one is associated non-stationary populations, hence the SPI is true in
We develop an idea which we call uniform amplitude of SPI when equality such as (2.1) is true
and together C = C ′ holds for each simultaneous C ∈ M and C ′ ∈ N. However, we develop these ideas on finite sets. Later we will see that the set T in (2.2)
lie in exactly in one interval in (2.2). We will also see in the Appendix that the set {I, J} for the two intervals I, J ⊂ [t 0 , t k+1 ] as a partition of [t 0 , t k+1 ].
Inasmuch as SPI connects these two properties in stationary populations, it follows that connecting them in non-stationary populations is a logical next step. The thought process on SPI saw a newer depths and led for a fresh debate after novel theoretical approaches were proposed that match life lived data with remaining life information by Rao and Carey [6] . In this work deeper ideas of SPI in terms of three main properties (Theorems 1 to 6) explored which offer new connections to real world non-stationary populations. The dynamic nature of SPI was explored by introducing a new concept which we named as O-SPI. In this section, we connect SPI with stationary and non-stationary populations.
Let Ω be the size of the captive cohort such that Ω is an infinite subset or a very large finite subset of non-negative integers. Let c i be the age at capture and
is the follow-up length or post-capture life lived by i th individual.
Theorem 1. If a population is stationary then the SPI holds, but when SPI does not hold for any age 'a' in a population then that population could be stationary or non-stationary.
Proof. Idea: To prove the first part, we need to prove that if the population from which the captive cohort drawn is stationary then that follows SPI. For the second part, we first assume that the SPI is true, i.e. f 1 (a) = f 2 (a) and then we try to prove that the captive cohort Ω formed could be a stationary population or a non-stationary population.
We assume a very large number of individuals are captured at all possible ages (need not be integer valued) and no two individuals have same age at capture.
We also assume that: (1) there will be a distinct value of duration of life left 
..., then we have
We can arrange elements of the set S in a decreasing order. To do this, we set s ′ 1 = max {s 1 , s 2 , ...} . Let
, · · · } . The graph drawn through the co-ordinates of T is a decreasing function. These kind of constructions for the information of life left after capture was originally used in [6] . When s ′ i is equal to the corresponding individual's age at capture for all i ∈ J then the distribution of captured age is equal to the distribution of duration of the life left after capture. When s ′ j is not equal to the corresponding individual's age at capture for all j ∈ Ω 1 for Ω 1 ⊂ Ω, and s ′ i is equal to the corresponding individual's age at capture for all i ∈ Ω and i /
∈ Ω 1 . Then with a finite permutations of rearrangement of the elements in Ω 1 , we can match the set, T ′ = {s ′ 1 , s ′ 2 , · · · } with C, the set of decreasing values of captured ages, such that T ′ = C. With this construction, for an individual captured at age a in C (i.e. a is an element in C) the value of the (element in T ′ )
is exactly a which is the remaining life left.
Suppose there are one or more than one individual of the same age at the time of capture. Ω is now sum of partitions of individuals, where each partition represents number of individuals who are captured at the same age. Let c q p be the q th individual captured aged p and s q p be the remaining life left for the q th individual who was captured at age p for p > 0 and q = 1, 2, · · · , n p (n p ∈ Z + ) . We assume that for each of the s q p there is a corresponding value c q p which could be within the same age p or in other captured age. That is, if
The following property is assured:
np q=0 s q p dp |J| Conversely, suppose for a finite population SPI is true for the ages a 1 , a 2 , · · · , a k (without any order) and not true for ages a k+1 , a k+2 , · · · , a n (without any order) and no two individuals are of same age. This implies, there will be two vectors of equations V 1 and V 2 based on the rule that SPI is true or not, which are given by,
. . .
Due to V 2 the average value of the life lived by a 1 , a 2 , · · · , a n are not equal to their average remaining value, which will lead population to be non-stationary. We see in Figure 2 that population is not stationary when SPI is true for certain ages in the population, and oscillatory behavior of population growth around stationary condition is observed in Figure 3 . temporarily to a non-stationary state for a brief time period before restoring stationary properties. When the population is stationary then we know that SPI holds (see for example [6] ). SPI holds here we mean that it is true for all ages, i.e. proportion of the population who are at age a units is same as the proportion of the population who have a units remaining for each age a. Suppose the population remains stationary during the interval [0, t] and let there be a vital event during the interval (t, t + δ) for a positive δ which is very very small. Then during (t, t + δ) SPI (in a strict sense) is not true and SPI remains not true until population remains strictly non-stationary (say until δ 1 for δ 1 > δ). As soon as stationarity is restored SPI will be true again until next vital event. There will be finite or infinite cycles of stationary to non-stationary to stationary populations and hence SPI is true intermittently.
Definition 4. We define a population as a predominantly a stationary population if Figure 3 . Change in growth rate in a hypothetical population that is projected forward 100 years (with age structure inset). The initial age structure was based on the U.S. population in 2000, the fertility rates were based on a standard age-specific fertility schedule in humans scaled to a net reproduction of 1.0, and the age-specific survivorship schedule was based on the female rates in 2006 [7] . N (t+1) /N(t) is the ratio of number in the population at time t+1 and the number at time t. Frequency in the inset refers to the frequency distribution of the population at each age. Points labeled A, B, and C correspond to the starting growth rate, the point at which growth rate first reaches replacement level (i.e. transient stationarity), and the point at which growth rate is constant at zero (i.e. fixed stationarity), respectively. Replacement levels of growth required approximately 40 years from the start (i.e. A-to-B) and another 60 years to become fixed (i.e. B-to-C). Note the small oscillations around stationarity after B as the age structure converges to C.
where SPI holds for the disjoint collection of intervals M = {[t 0 , t 1 ), [δ 1 , t 2 ), [δ 2 , t 3 ), · · · } , and SPI does not hold for the disjoint collection of intervals
then we define a population as predominantly a non-stationary.
We define Oscillatory property of SPI as follows:
We define a criteria that the SPI is oscillatory on M with uniform amplitude whenever the following statement is true:
Theorem 6. For a predominantly stationary population defined in the Definition [4] , SPI exists except for shorter intermittent intervals when population is nonstationary.
Proof. Let the population be stationary during [t 0 , t 1 ) and a small perturbation (vital event(s)) takes place at t 1 such that the population deviates from stationary properties. At the time δ 1 for some δ 1 > t 1 , suppose there is a vital event(s) which balances deviated stationary population back to stationary mode. Suppose at time t 2 for t 2 > δ 1 the population again deviates from stationary mode due to vital event(s) and gets restored at time δ 2 for δ 2 > t 2 such that the population remains non-stationary in the interval [t 2 , δ 2 ). Suppose this cycle of stationary population to non-stationary and back to stationary population continues to repeat at different time points t and δ. SPI holds for the disjoint collection of intervals, M and does not hold for the disjoint collection of intervals, N. Because the population is predominantly stationary, the following inequality holds
We call this property of holding and not holding SPI over disjoint intervals Proof. When SPI is oscillatory on M with uniform amplitude then the statement (3.1) is true. Hence we can see that
Conversely, suppose S 0 = 1. Let us consider events up to time t k+1 in the interval [t 0 , ∞). Let M t k+1 and N t k+1 be the sub-collection of intervals of M and N, respectively and are given by,
For k = 1, we have,
The inequality (3.5) indicates there is no uniform amplitude. us to prove arguments in Theorem 1. This theorem implies that when the fraction of the population at age a is not equal to the fraction of the population whose remaining years to live is a for some age a, then the population could be either stationary or non-stationary. For a stationary population shown in Figure 1 , these fractions are equal at all ages a or at all age groups if group-wise fractions are considered. When these fractions are not equal for each age a then the population is non-stationary. Therefore Theorem 1 helped us investigate properties of the SPI that interface stationary and non-stationary populations. Theorem 2 is the first step towards specifying the behavior of SPI on partitions of stationary and nonstationary sub-populations of the total population. This implies, when partitioning of the total population is done into a collection of stationary sub-populations then the aforesaid fractions remain equal in each of the sub-population. Theorem 2 also implies that when a population is partitioned into sub-populations, these fractions need not be equal if stationary principles are not preserved (see We believe that the results presented in this paper in particular and of SPI more generally provide important new perspectives on population theory and application in at least two respects. First, stationary population models provides explicit expressions that connect the major demographic parameters to one another (i.e. life expectancy; birth and death rates; age structure). Since every human population has an underlying life table, every human population can form the basis of a model stationary population [8] . Therefore it follows that understanding the deeper properties of stationary populations as described here and elsewhere [9, 1, 6] will add important depth to population theory more generally.
Second, understanding the oscillatory behavior of populations as they approach stationarity is important inasmuch as this behavior is tightly linked to the concept of population momentum-the continuation of growth after a population has achieved replacement-level fertility [10, 14, 3] . Momentum and population aging are essentially two aspects of the same phenomenon [11] , and momentum is likely to be responsible for most of the future growth in the world's population [12, 13] . Therefore, a deeper understanding of the underlying dynamics of population stationarity, momentum, and convergence and concepts concerned with the demographic transition will strengthen the foundations for the development of sound population policy including family planning, aging and Social Security.
Discussion
The number of years different individuals have lived in a population as well as the number of years these individuals have left are universal properties of all populations. Whereas the first is a static characteristic of populations inasmuch as it specifies age structure, the second is a dynamic concept since it designates the future population's actuarial properties. This second property is more complex than the first inasmuch as it describes distributions within a distribution i.e. the allocation of individual deaths within each of the 100+ age groups of the age distribution. Both of these population characteristics are important in both basic and applied demographic contexts. The first property is concerned with the relationship of different population age groups (e.g. dependency ratios;
population aging) and the second is concerned with future deaths (e.g. how many deaths will occur in the next 1, 2, or 5 years). Since the age structure of a population must logically be connected to its future death distribution, the implicit qualitative relationship between life-years lived and life-years is both obvious and intuitive. However, the explicit quantitative relationship between life-lived and left was neither obvious nor intuitive prior to the discovery of the SPI. Because of the importance of linking the actuarial properties of populations with their age structure as SPI does, it follows that exploring this identity in greater mathematical depth has the potential to provide important new insights into these linkages in two mathematical contexts. The first is within stationary populations as we did with the three main properties (Theorems 1 to 6), and second context is between stationary and non-stationary populations as we did with what we refer to as O-SPI. We still feel the beauty of SPI in population dynamics is under explored, and the results presented here can be seen a step towards a larger goal of understanding non-stationary populations through such lens. 
where g(a, t i ) is the function specifying remaining life left at age a during I M (t i ).
Proof. If there are at least two age groups in A, thenf (a, t i ) andf (a, t i ) exists within I M (t i ) and they are distinct. Suppose there are only two age groups in A, then (5.1) guarantees that there existĝ(a, t i ) andǧ(a, t i ) forĝ(a, t i ) = max a g(a, t i ) andǧ(a, t i ) = min a g(a, t i ). This implies, △f (a, t i ) <ĝ(a, t i ) +ǧ(a, t i ). This inequality follows even if there are more than two age groups in A, hence △f (a, t i ) is bounded.
Proof. Since △f (a, t i ) > 0 and △f (a, t i ) is bounded on I M (t i ) by the Lemma (9), the result follows.
Supposef (a, t i ) is concentrated around mean age of the population andf (a, t i )
is concentrated around the very old age of the population, then △f (a, t i ) is an increasing function indicates one or more of the following three situations; i) longevity of the population is increasing without much change in the mean age, ii) mean age is reducing without reducing in longevity, iii) mean age is reducing and simultaneously longevity is increasing.
Theorem 11. Suppose the partitionsİ andJ are given, then 1 +
Proof. Consider the expression
∞ 0 f (a, t i )da = k and both the terms of the expression (5.2) are negative, (5.2) can be written as
Simplifying (5.3) we will obtain desired result.
Remark 12. For each t i for i = 1, 2, · · · , k, without taking the summations in
Let ϕ(a, t i ) be the function specifying the proportion of individuals at age a ∈ B during J N (t i ) for ϕ(a, t i ) : J N (t i ) → R + and B be the set of all ages in the population when SPI does not hold. Supposeφ(a, t i ) = max a ϕ(a, t i ) andφ(a, t i ) = min a ϕ(a, t i ). We note that, equivalent versions of Theorem 11
and Remark 12 for the age functions ϕ,φ(a, t i ),φ(a, t i ) still hold. Under the continuous transition of decreasing population sizes over the interval [t 0 , t k+1 ), let us assumef (a, t 1 ) >f (a, t 2 ) > · · · >f (a, t k+1 ) andφ(a, t 1 ) >φ(a, t 2 ) > · · · >φ(a, t k ). This implies,f (a, t 1 ) >φ(a, t 1 ) > · · · >φ(a, t k ) >f (a, t k+1 ).
Also, ∞ 0 f (a, t 1 )da −f (a, t 1 ) < ∞ 0 ϕ(a, t 1 )da −φ(a, t 1 ) < · · · < ∞ 0 ϕ(a, t k )da − ϕ(a, t k ) < ∞ 0 f (a, t k+1 )da−f (a, t k+1 ), and this leads to 1−f (a, t 1 ) < 1−φ(a, t 1 ) < · · · < 1 −φ(a, t k ) < 1 −f (a, t k+1 ). We can model the dynamics of these maximum and minimum fractions over the time period using the following logistic growth models with certain limiting points of these fractions.
df (a, t) dt = r 1f (a, t)
dφ(a, t) dt = r 2φ (a, t) 1 −φ (a, t) (φ(a, t)) e (5.5) df (a, t) dt = r 3f (a, t) 1 −f (a, t) f (a, t) e (5.6) dφ(a, t i ) dt = r 4φ (a, t i ) 1 −φ (a, t i ) (φ(a, t i )) e (5.7)
where r 1 , r 2 , r 3 and r 4 are rates of declines in maximum and minimum fractions and f (a, t) e , (φ(a, t)) e , f (a, t) e , (φ(a, t i )) e are limiting points of the fractionŝ f (a, t),φ(a, t),f (a, t),φ(a, t i ), respectively. Further we provide partial differential equations models by treatingf (a, t),φ(a, t),f (a, t),φ(a, t i ) as continuous variables. First we consider two pairs of variables f (a, t),φ(a, t) , f (a, t),φ(a, t i ) and corresponding dependent variables u 1 f (a, t),φ(a, t) , u 2 f (a, t),φ(a, t i ) to build two models (5.8) and (5.9). These two models provide dynamics of simultaneous occurrences of stationary and non-stationary populations. If we want to follow dynamics off andφ on the time interval [t 0 , t ∞ ) by considering two pairs of independent variables t,f (a, t) , {t,φ(a, t)} with corresponding dependent variables v 1 t,f (a, t) , v 1 (t,φ(a, t)) then the PDE models we considered are given in (5.10) and (5.11) . Here τ 1 and τ 2 are constants, which could indicate speed of the dynamics of peaks of the maximum fractions. Similarly, dynamics off anď ϕ with dependent variables w 1 t,f (a, t) and w 2 (t,φ(a, t i )) are modeled as per equations given in (5.12) and (5.13) , where τ 3 and τ 4 are constants indicate speed with which these variables move. = −τ 1 ∂v 1 t,f (a, t) ∂f (5.10) ∂v 2 (t,φ(a, t)) ∂t = −τ 2 ∂v 2 (t,φ(a, t)) ∂φ (5.11) ∂w 1 t,f (a, t) ∂t = −τ 3 ∂w 1 t,f (a, t) ∂f (5.12) ∂w 2 (t,φ(a, t)) ∂t = −τ 4 ∂w 4 (t,φ(a, t)) ∂φ (5.13) Diffusion type of equations appear in several situations of modeling in biology, for example refer to the book [15] . Further applications of diffusion type of equations appear in studying growth of cell populations, see [16, 17, 18] .
